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H E A T  A N D  M A S S  T R A N S F E R  
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A m e t h o d  is  d e s c r i b e d  f o r  t h e  e l e c t r i c  s i m u l a t i o n  of n o n l i n e a r  h e a t -  and m a s s - t r a n s f e r p r o b -  
l e m s  on two r e s i s t a n c e  n e t w o r k s .  The  t e m p e r a t u r e  is  s i m u l a t e d  on one n e t w o r k  and the  m a s s -  
t r a n s f e r  p o t e n t i a l  on the  o t h e r .  The  m a s s - t r a n s f e r  p o t e n t i a l  has  a d i s c o n t i n u i t y  of the  f i r s t  
k ind b e c a u s e  of a m o v i n g  zone b o u n d a r y  on which  i n t e n s e  p h a s e  t r a n s i t i o n s  o c c u r .  

1. In  the  e l e c t r i c  s i m u l a t i o n  of the  n o n l i n e a r  equa t ions  of h e a t  and :mass  t r a n s f e r  

Ot 0 ( ~. Ot ~ Ou 
cy - -  = - -  

o~ Ox k ~ x  } + er o~ ' 
(1) 

O~ = Ox a., + am6-~x ' 

w h e r e  the  c o e f f i c i e n t s  X, c ,  a:m, 5 . . . .  d epend  on u and t [1], E q s .  (1) can  be  w r i t t e n  in f i n i t e - d i f f e r e n c e  
f o r m  

to - -  t o - a ,  t 1 - -  t o t 2 - -  t o u o ---  U o - a ,  
c~ ~'~ - -  + ~'2 t- er , 

Ax Ax 2 Ax ~ hz 

u o - -  Uo-az  u 1 - -  u .  u2 - -  Uo (2}  
am, - -  + am, - -  

A z  A x  2 A x  2 

+ a.,,61 tl - -  to + am,62 t~ - -  t o 
Ax 2 Ax ~ 

A m e t h o d  f o r  the  e l e c t r i c  s i m u l a t i o n  of such  a s y s t e m  of n o n l i n e a r  equa t ions  w a s  p r e s e n t e d  b y  L,  A.  
Kozdova  in [2] and in :more g e n e r a l  f o r m  in [3]. The  C o n t i n u o u s - m e d i u m  e l e c t r i c  s i m u l a t o r  c o n s i s t s  of 
two n e t w o r k s  of o h m i c  r e s i s t o r s  (F ig .  1). In n e t w o r k  a the  e l e c t r i c  p o t e n t i a l  V s i m u l a t e s  the  t e m p e r a t u r e  
t (t = NtV) ; in n e t w o r k  b the  e l e c t r i c  p o t e n t i a l  W is  p r o p o r t i o n a l  to  the  m o i s t u r e  con ten t  u = NuW. The  hea t  
f lux  jq and the  m a s s  f lux  Jm a r e  p r o p o r t i o n a l  to the  n e t w o r k  c u r r e n t s  

]q = Niqil; ],~ = Ni ,  i v 

The d i f f e r e n c e  equa t ions  (2) a r e  s~mula ted  on the  n e t w o r k s  b y  r e l a t i o n s  ob t a ined  f r o m  K i r c h h o f f ' s  l aw :  

V o - - V ~  V l - - V o  V~--Vo V3- -Vo  (3) 
' R~ - R~ + R t2 + R t. ' 

W o - - W o - A ~  _ W 1 - - W o  + W ~ - - W  o k W 3 - -  W ~  (4 )  

t 

2. T h e s e  n e t w o r k  s i m u l a t o r s  can  a l s o  be  used  to s o l v e  :more c o m p l i c a t e d  p r o b l e m s  such  as  the  
s i m u l a t i o n  of the  d r y i n g  of a p o r o u s  m e d i u m  wi th  a :moving s u r f a c e  of i n t e n s e  e v a p o r a t i o n .  

We c o n s i d e r  a o n e - d i m e n s i o n a l  p r o b l e m  w h e r e  the  p o s i t i o n  of the  s u r f a c e  of i n t e nse  e v a p o r a t i o n  is  
d e t e r m i n e d  b y  a s i n g l e  c o o r d i n a t e  ~? (7). The  v e l o c i t y  of the  s u r f a c e  is  ~ = d ~ / d t .  The t h e r m o p h y s i c a l  
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F i g .  1. C i r c u i t  d i a g r a m s  of s e p a r a t e  s e c t i o n s  s i m u l a t i n g  a o n e -  
d i m e n s i o n a l  h e a t -  and m a s s - t r a n s f e r  p r o b l e m .  I - I  s i m u l a t e s  t 
and I I - I I  s i m u l a t e s  u.  

c h a r a c t e r i s t i c s  k, c ,  km,  C:m, 6, and e depend  on both t and u in g e n e r a l .  T h e y  a r e  d i s c on t i nuous  a t  the  
b o u n d a r y  x = ~. R e l a t i v e l y  s i m p l e  :methods of e l e c t r i c  s i m u l a t i o n  t ak ing  accoun t  of the  p r o p a g a t i o n  of a 
p h a s e  t r a n s i t i o n  f r o n t  a r e  g iven  in the  l i t e r a t u r e  [4] f o r  the  c a s e  of a s i n g l e  unknown func t ion  and c o n s t a n t  
t h e r m o p h y s i c a l  p a r a m e t e r s .  S ince  t h e r e  is  a l a r g e  v a r i a t i o n  of t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  d u r i n g  the  
d r y i n g  p r o c e s s  the  u s e  of such  c o n s t a n t  p a r a m e t e r  :models g ives  a v e r y  c r u d e  a p p r o x i m a t i o n .  

We p r e s e n t  an e l e c t r i c  s i m u l a t o r  f o r  so lv ing  the  s e t  of d i f f e r e n t i a l  equa t ions  (1) f o r  two func t ions  u 
and t wi th  a m o v i n g  s u r f a c e  of i n t ense  e v a p o r a t i o n ,  i . e . ,  wi th  a d i s c o n t i n u i t y  in the  func t ion  u at  x = ~?. 

We f i r s t  f ind  the  v e l o c i t y  ~ at  t i m e  ~ f o r  known d i s t r i b u t i o n  l aws  t(x) and u(x) at  tha t  i n s t an t .  To 
th i s  end w e  c o n s i d e r  a th in  l a y e r  wi th  c o o r d i n a t e s  ~? - 0 and ~ + 0 in the  v i c i n i t y  of the  :moving s u r f a c e  w h e r e  
t he  i n t ense  p h a s e  t r a n s i t i o n s  o c c u r .  We d e t e r m i n e  the  amount  of hea t  e n t e r i n g  the  e l e m e n t a r y  l a y e r  p e r  
uni t  t i m e  [5]. The  hea t  f l uxes  e n t e r i n g  the  l a y e r  due both to t he  n o n u n i f o r m  t e m p e r a t u r e  d i s t r i b u t i o n  and 
to  the  :motion of the  l a y e r  t h r o u g h  a m e d i u m  wi th  a d i f f e r e n t  hea t  con ten t  a r e  

( - -  Zvt - -  c~';lt)n-o - -  ( - -  Z v t - -  ~v~t)~+0. (5) 

S i m i l a r l y  t he  t o t a l  amoun t  of m o i s t u r e  e n t e r i n g  the  th in  l a y e r  p e r  unit  t i m e  is  

( - -  ~=V u - -~=Sv t  - -  ;,c=u)~-0 - -  ( - -  ~ W  " ~ = S v t  - -  ~c=u),+0. (6) 

We denote  b y  E the  c r i t e r i o n  of a p h a s e  t r a n s i t i o n ,  the  r a t i o  of the  we igh t  of l iqu id  e v a p o r a t e d  in the  

l a y e r  u n d e r  c o n s i d e r a t i o n  to  the  t o t a l  we igh t  of l iqu id  e n t e r i n g  the  l a y e r  (0 < E < 1). The  p o r o u s  m e d i u m  
c o n t a i n s  c a p i l l a r i e s  of v a r i o u s  d i a m e t e r s .  I t  is  a s s u m e d  tha t  the  :moi s tu re  in the  l a r g e s t  c a p i l l a r i e s  
e v a p o r a t e s  i n s t a n t l y  a s  the  bo i l ing  s u r f a c e  p a s s e s .  The  :magni tude of E depends  in g e n e r a l  on the  p a r a -  
:mete r s  t ,  u, V t ,  and Vu at  x = ~? b e f o r e  and a f t e r  the  p a s s a g e  of the  e v a p o r a t i o n  s u r f a c e .  The  equa t ion  f o r  
~" can  be  d e r i v e d  f r o m  the  law of c o n s e r v a t i o n  of e n e r g y  

dn _ [XVt-- rE (~VU + Z=SVt)]n_0-- [Xvt--rE (X~VU + X=Svt)Jn+0 (7) 
dt -- (-- cTt -Jr- rEcn,u)n_o - -  ( - -  cyt ~- rEcmu)n+o 

If the  t h e r : m o p h y s i c a l  c h a r a c t e r i s t i c s  X, X m, c,  c m,  6, and E and the  p a r a m e t e r s  t ,  V t ,  u and V u  a r e  known 
in f r o n t  of and behind  the  e v a p o r a t i o n  s u r f a c e  the  v e l o c i t y  of the  s u r f a c e  can  be  c a l c u l a t e d  f r o m  Eq .  (7). 

The  t e m p e r a t u r e  of the  :medium is  a con t inuous  func t ion  of x and z ,  but  a t  the  po in t  x = 71 the  p a r t i a l  
d e r i v a t i v e s  of t h i s  func t ion  have  f i n i t e  d i s c o n t i n u i t i e s ;  the  :moi s tu re  conten t  has  a d i s c o n t i n u i t y  of the  f i r s t  
k ind at  the  e v a p o r a t i o n  s u r f a c e .  

The  equa t ions  of h e a t  and m a s s  t r a n s f e r  a r e  s i m u l a t e d  on two r e s i s t a n c e  n e t w o r k s .  The  f i r s t  of 
E q s .  (1) t a k e s  the  f o r m  

8t 8 (  Or) Ou c~, - ~, + ~r - -  - -  ~ ( x - - ~ )  Q, (8~ 
O~ Ox ~ O~ 

w h e r e  6 is  t he  D i r a c  d e l t a  func t ion ;  Q, the  a:mount of hea t  expended  in e v a p o r a t i o n  p e r  uni t  t i m e  in the  
l a y e r  u n d e r  c o n s i d e r a t i o n ,  is  d e t e r m i n e d  b y  Eq.  (5). We  c o n s t r u c t  a r e s i s t a n c e  n e t w o r k  to s i m u l a t e  t 
( F i g .  2a) .  We a s s u m e  tha t  a t  t i m e  ~'o the  v a l u e s  of A x  and A~- a r e  chosen  in such  a w a y  tha t  Ax/A~- is  equa l  
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Fig. 2. E lec t r ic  c i rcui ts  fo r  s~mulating a one-dimensional  heat -  
and m a s s - t r a n s f e r  problem with a moving surface  of intense 
phase t ransi t ion.  

to the veloci ty of the evaporation surface.  This implies that in one step on the s imula tor  the surface  of 
discontinuity x = ~? is displaced by one cell of the network. 

We note that Ax and A~ can be considered constants for  a small  change in ~'. In general ,  af ter  each 
step it is n e c e s s a r y  to determine ~" and A~ -~ 'Ax  and to change the res i s tance  R t and R u by amounts 
proport ional  to AT. For  a small  AT the position of the discontinuity can be displaced a large  number of 
cel ls .  

Suppose the sur face  is in the position co r re spond ing to the  te rminal  of the network I - I  with potential 
t t V 0. In addition to the cur ren ts  (V0--V0-A~-)/R T and V3/R u simulating the f i r s t  t e rms  in Eqs.  (8) it is 

n e c e s s a r y  to remove  a cur ren t  f rom the terminal  at potential V 0 to simulate the loss of heat during the 
t ime AT due to evaporation in the moving layer  during its displacement  by Ax. This amount of heat can 
be calculated by knowing the pa rame te r s  u, t, Vu, and Vt in the neighborhood of the discontinuity, i . e .  
by determining them beforehand with the second network. The c i rcui t  d iagram of network I I - I I  simulating 
u is shown in Fig.  2b. Since the function u is discontinuous at x = ~, this must  cor respond to a physical  
discontinuity in the e lec t r ic  network, and at the position of the discontinuity we :must obtain not one potential 
but two, W0~_0 and W0~+0 . Each of the half networks (x < ~? ; x > ~?) represen ts  an independent boundary-  

value problem.  Since the l ayer  we constructed where evaporation occurs  ( ~ - 0 ,  ~ + 0) has been removed,  
and the te rmina ls  at potential W0~_0 and W0,1+ ~ correspond to the boundary points of this layer ,  it is not 

n e c e s s a r y  to assign special  points to s imulate boiling. However,  the boundary conditions at ( ~ - 0 )  and 
(~? + 0) :must be sat isf ied.  This requi res  supplying cur ren ts  proport ional  to the boundary heat fluxes to 
the te rminals  at potentials W%_ ~ and W0~+0 by connecting them to a high potential W 4 of the potentiometer  

through the high resistances Rr~_ o and Rr~+o : 

W4 
i r ,1-o _ 1 (__ ~.~ UO--A.~--UI--A~: ~ 6  tO--A~--f--AL) (9) 
~l-o Rr Nim Ax Ax } ' 

"q--O 

just as is ord inar i lydone  in simulating conditions of the second kind;i  r is determined s imi lar ly .  
n+0 
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The s i m u l a t i o n  of a p r o b l e m  wi th  a :moving f r o n t  on which  the  p o t e n t i a l  e x p e r i e n c e s  a d i s c o n t i n u i t y  
of the  f i r s t  k ind r e q u i r e s  a d i s c o n t i n u i t y  in the  n e t w o r k  s i n c e  the  e l e c t r i c  p o t e n t i a l  W v a r i e s  c o n t i n u o u s l y  
in a con t inuous  r e s i s t a n c e  n e t w o r k  f o r  any  c u r r e n t  s o u r c e s .  

On p.  241 of [1] a r e  shown c h a n g e s  in t e m p e r a t u r e  and :mo i s tu re  con ten t  of a t y p i c a l  p o r o u s  body  
(a c e r a m i c  p l a t e  51 m m  th ick)  when d r i e d  f r o m  both s i d e s  b y  i n f r a r e d  r a d i a t i o n .  P e r i o d s  of d r y i n g  a r e  
c l e a r l y  v i s i b l e  on the  t e m p e r a t u r e  c u r v e s :  an i n i t i a l  p e r i o d  of h e a t i n g ,  a p e r i o d  of c o n s t a n t  r a t e  of d r y i n g  
d u r i n g  wh ich  the  t e m p e r a t u r e  is  p r a c t i c a l l y  c o n s t a n t ,  and the  p e r i o d  we  a r e  i n t e r e s t e d  in beyond  the  c r i t i c a l  
po in t  K 2 w h e r e  s h a r p  bends  in the  c u r v e s  t = f(~-) f o r  x = cons t  a r e  c l e a r l y  v i s i b l e .  T h e s e  bends  o c c u r  a t  the  
i n s t a n t s  the  s u r f a c e  of i n t e n s e  e v a p o r a t i o n  p a s s e s  t h r o u g h  the  g iven  po in t .  S ince  the  d e r i v a t i v e s  Dt/0~-, 
8 t / 0 x . . .  e x p e r i e n c e  d i s c o n t i n u i t i e s  of the  f i r s t  k ind ,  E q s .  (1) a r e  va l id  o u t s i d e  the  s u r f a c e  of i n t e n s e  e v a p -  
o r a t i o n .  We have  p e r f o r m e d  the e l e c t r i c  s i m u l a t i o n  of t r a n s f e r  p r o c e s s e s  d u r i n g  an i n t e r v a l  ~- = 360-534 
min  f o r  the  e x p e r i m e n t  i n d i c a t e d  above .  The  t h e r m o p h y s i c a l  p a r a m e t e r s  w e r e  s e l e c t e d  as  in [6]. At  the  
in i t i a l  t i m e  ~- = 360 ra in  the  t e m p e r a t u r e  was  a s s u m e d  c o n s t a n t ,  u(x) was  c o n s i d e r e d  d i s t r i b u t e d  p a r a b o l -  
i c a l l y ,  and the  t h e r m o p h y s i c a l  c o e f f i c i e n t s  c,  X, and a m w e r e  a s s u m e d  l i n e a r  func t ions  of u; 6 = cons t .  
The  b o u n d a r y  cond i t ions  w e r e  s i m u l a t e d  as  d e s c r i b e d  in [3]. 

The  func t ion  t = f(T,  X) ob ta ined  b y  e l e c t r i c  s i m u l a t i o n  is in s a t i s f a c t o r y  a g r e e m e n t  wi th  the  a c t u a l  
e x p e r i m e n t .  

3. The  so lu t i on  of n o n l i n e a r  h e a t -  and m a s s - t r a n s f e r  p r o b l e m s  on ohmic  r e s i s t a n c e  n e t w o r k s  is  a 
l a b o r i o u s  and r e l a t i v e l y  p r o l o n g e d  o p e r a t i o n ,  and t h e r e f o r e  it is  d e s i r a b l e  to  f i r s t  ob ta in  an a p p r o x i m a t e  
so lu t i on  by  r e p l a c i n g  the  v a r i a b l e  t h e r m o p h y s i e a l  c h a r a c t e r i s t i c s  X, c,  a m e t c .  by  s o m e  a v e r a g e  c o n s t a n t  
v a l u e s  and s i m u l a t i n g  the  p r o c e s s  on an RC n e t w o r k  [7, 8]. If a f r o n t  of i n t e nse  p h a s e  t r a n s i t i o n  moves  in 
t h e m e d i u m ,  we t r a n s f o r m  to a mov ing  c o o r d i n a t e  s y s t e m  wi th  o r i g i n  at  x = ~ and w r i t e  (1) in d i m e n s i o n l e s s  
c o o r d i n a t e s  f o r  x < ~ [9] 

OT �88  OT O~T ( O0 O0 ) 
- - o x  ox2 + - -  ;1 + -Wgo ' 

_ O0 ~_t_ O0 = L u  O ~ O , + L u p n  o~T 
OX 0 Fo OX 2 OX 2 

( i0)  

In (10) the  c o o r d i n a t e  X is  g iven  in the  moving  s y s t e m ;  ~ is  d i m e n s i o n l e s s .  

We c o n s i d e r  the  s p e c i a l  c a s e  when T and O depend  only  on X but  not  on Fo  in the  mov ing  c o o r d i n a t e  

s y s t e m .  Then (10) t a k e s  the  f o r m  

Lu d~T + ~I(Lu + I) dT dX--- T ~ + ~1 (Lu Pn Ko*+ ;I) T = const, 

- -  1 dO Lu #O + ~ ( L u +  ) - ~ + ~ ( L u P n K o * + ~ ) @ = c o n s t ,  
d x  ~ 

i . e .  T and | s a t i s f y  the  s a m e  o r d i n a r y  d i f f e r e n t i a l  equa t ion .  The r o o t s  of i t s  c h a r a c t e r i s t i c  equa t ion  a r e :  

k 3 = 0  

k,,2 = _ 4 I (Lu + 1)2 4:. ~ (Lu - -  1) 2 ~'12 - -  4 Lu 2 Pn Ko* "q, 

2Lu 

and the  g e n e r a l  so lu t i on  has  the  f o r m  

T = A 1 exp (klx) + A 2 exp (k~x) -{- A a, 

0 = B 1 exp (klx) + B= exp (k2X) -~- B 3. 

A s i m i l a r  so lu t i on  can be  ob ta ined  f o r  X > O. The  v e l o c i t y  can  be d e t e r m i n e d  by  the  a p p r o x i m a t e  

f o r m u l a  
OT 

d~l 0X ( 1 - - E K o P n L u )  

Crn d F ~  ( c n + o )  n+o 
T - - I  - -  Ko E On+0 - -  @~-0 

Cvl--O Cm 

w h e r e  Ko, Pn ,  Lu, and DT/DX a r e  g iven  at  X = - 0 .  
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is the t ime;  
t is the t e m p e r a t u r e ;  
u is the mois tu re  content; 

is the thermal conductivity; 
cy is the volumetric heat capacity; 
a m is the 
e is the 
r is the 

5 is the 
jg is the 

Jm is the 
R t is the 
RU is the 
V is the 
W is the 
T is the 

is the 
Fo is the 
Lu is the 
Ko is the 

Pn is the 
E is the 

tion. 

2. 
3. 
4. 

5, 
6. 

7~ 

8. 
9. 

N O T A T I O N  

m a s s - t r a n s f e r  potential  conductivity;  
ra t io  of the change of mass  due to phase  t r a n s f o r m a t i o n  to the total  change of m a s s ;  
la tent  heat  of phase  change; 
t he rmograd ien t  coefficient;  
heat  flux vec to r ;  

mass  flux vec tor ;  
r e s i s t a n c e  ca r ry ing  the cu r ren t  which s imula tes  heat  flux; 
r e s i s t a n c e  ca r ry i ng  the cu r r en t  which s imula tes  flow of mois tu re ;  
potential  s imulat ing t e m p e r a t u r e ;  
potential  s imulat ing m a s s - t r a n s f e r  potential  or  mois tu re  content; 
d imens ion less  t e m p e r a t u r e ;  
m a s s - t r a n s f e r  potential ;  
F o u r i e r  number ;  
Lykov number ;  
Kossovieh number ;  
Posnov number  ; 
r e l a t ive  change of mass  due to phase  t rans i t ions  in the moving region of intense phase  t r a n s i -  

LITERATURE CITED 

A. V. Lykov, Heat and Mass Transfer in Drying Processes [in Russian], Gosenergoizdat (1956). 

L. A. Kozdova, Inzh.-Fiz. Zh., 6, No. 5 (1963). 
L. A. Kozdova and V. A. Zagorui-ko, Inzh.-Fiz. Zh., II, No. 5 (1966). 
H. P. Aldrich and H. M. Paynter, "Analytic studies of freezing and thawing of solids, ~ reprinted in: 
Palimpsest ontheElectronic Analog Art, Geo. A. Philbrick Researches Inc., Boston (1955), p. 247. 
M. I. Rubinshtein, The Stefan Problem [inRussian],Zvaigzene, Riga (1967). 
A. G. Temkin, in: Nonstationary Heat and Mass Transfer Research [in Russian], Nauka i Tekhnika, 
Minsk (1966), p. 184. 
N. A. Fridlender, Inzh.-Fiz., 9, No. 5 (1965). 
A. M. Fainzil'ber and N. A. Fr~dlender, Inzh.-Fiz., 15, No. 1 (1968). 
A. V. Lykov and Yu. A. Mikhailov. Theory of Heat and Mass Transfer [in Russian], Gosenergoizdat 
(1963). 

879 


